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We consider modified Weyl gravity where a Dirac spinor field is nonminimally coupled to gravity.
It is assumed that such modified gravity is some approximation for the description of quantum
gravitational effects related to the gravitating spinor field. It is shown that such a theory contains
solutions for a class of metrics which are conformally equivalent to the Hopf metric on the Hopf
fibration. For this case, we obtain a full discrete spectrum of the solutions and show that they can
be related to the Hopf invariant on the Hopf fibration. The expression for the spin operator in the
Hopf coordinates is obtained. It is demonstrated that this class of conformally equivalent metrics
contains: (a) a metric describing a toroidal wormhole without exotic matter; (b) a cosmological
solution with a bounce and inflation; and (c) a transition with a change in metric signature. A
physical discussion of the results is given.
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I. INTRODUCTION
The solving of general relativistic equations sourced by spinor fields offers great difficulties. Apparently, this is
caused by the fact that general relativity (GR) is a purely classical theory, while spinor fields are described by the
Dirac equation that is used for describing purely quantum particles. This problem appears to be indirectly related
to the problems arising while quantising GR. Consistent with all of this, one may conclude that deriving solutions in
gravity supported by spinor fields can help one to understand what is the quantization of gravity.
At the present time the literature in the field offers spherically symmetric asymptotically flat spinor field solutions
within GR [1–5], but such solutions always involve two spinor fields having opposite spins, so that their total spin
is zero. Therefore the main difficulty with deriving solutions supported by spinor fields is to find solutions with one
spinor field whose spin is already nonzero. In the present paper we seek possible ways to modify GR to get solutions
with one spinor field. We will show that this can be done within modified Weyl gravity where a nonminimal interaction
between matter and gravity is introduced. This type of interaction has been repeatedly investigated in the literature
in various aspects (see, e.g., Refs. [6–10] and references inside).
Conformal Weyl gravity is one of numerous ways to generalize GR. Since GR is a purely classical theory, it does not
take quantum effects into account. To involve them into consideration, it is necessary to go beyond the Einstein theory.
In the simplest case, the modification of GR reduces to the replacement of the Einstein gravitational Lagrangian ∼ R
by the modified Lagrangian ∼ f(R), where f(R) is some function of the scalar curvature R. Such modified gravities
had initially been applied for the description of the evolution of the very early Universe, but it was shown in recent
years that they can also be successfully applied to model various cosmological aspects of the present Universe (for a
general review on the subject, see, e.g., Refs. [11, 12]).
For its part, in conformal Weyl gravity, the scalar curvature R in the gravitational action is replaced by a scalar
invariant containing the Weyl tensor. From the point of view of quantum theory, an important advantage of Weyl
gravity is that it is conformally invariant and renormalizable [13]. The main weakness of this theory is that its viability
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2is questionable, since it does not satisfy some tests in the Solar System [14]. Nevertheless, this theory is quite widely
used in the literature both in modelling the observed galactic rotation curves without involving dark matter [15, 16]
and in solving cosmological puzzles related to the problem of the explanation of the accelerated expansion of the
present Universe [17, 18].
Consistent with this, we will work here within modified Weyl gravity, which enables us to get self-consistent solutions
supported by a gravitating spinor field. As we will see below, this can be achieved by introducing a nonminimal
interaction between matter and gravity. The main idea is to find such a form of the interaction that, in some cases,
would lead to the automatic fulfilment of gravitational equations. It turns out that it is possible if one considers a
spacetime metric whose spatial part is conformally equivalent to the Hopf fibration on which one can find nontrivial
solutions to the Dirac equation. In this case, the left-hand side of the Bach equation (i.e., the Bach tensor) vanishes
identically. Then one can describe the modified interaction between matter and gravity by introducing some coefficient
depending on the Bach scalar curvature. If this coefficient is chosen so that it is equal to zero for vanishing Bach tensor,
then it is evident that the gravitational Bach equation will identically satisfied. Thus, the purpose of the current study
is to modify Weyl gravity in such a manner as to obtain a self-consistent system describing a nonminimal interaction
between a gravitational field and one spinor field.
It should be emphasized that modified Weyl gravity under investigation, which involves the nonminimal coupling
to matter, is regarded as an approximate way of describing quantum gravitational effects emerging when gravity is
coupled to a spinor field. This means that in strong gravitational fields created by the spinor field it is necessary to take
into account quantum gravitational effects which are assumed to be approximately described by using modified Weyl
gravity. In doing so, in the context under consideration, we suppose that modified Weyl gravity is not a fundamental
theory, but it is used only for an approximate description of the aforementioned quantum effects.
The paper is organized as follows. In Sec. II, we present general equations for the system under consideration. In
Sec. III, we choose a special form of the metric that enables us (i) to make the Bach tensor equal to zero; (ii) to
ensure that the gravitational equations are automatically satisfied; and (iii) to solve the Dirac equation analytically.
In Sec. IVA, we demonstrate the possibility of obtaining various solutions within Weyl gravity under consideration,
and in Sec. V we obtain the expression for the spin operator in the Hopf coordinates. Finally, in Sec. VI, we summarize
and discuss the results obtained.
II. GENERAL EQUATIONS OF F (B2) MODIFIED WEYL GRAVITY
The action for conformal Weyl gravity minimally coupled to a spinor field can be written in the form (hereafter we
work in natural units ~ = c = 1)
S =
∫
d4x
√−g (−αgCαβγδCαβγδ + Lψ) , (1)
where αg is a dimensionless constant, Cαβγδ = Rαβγδ +
1
2
(Rαδgβγ −Rαγgβδ +Rβγgαδ −Rγδgαβ) is the Weyl tensor,
and Lψ is the Lagrangian density of the massless spinor field,
Lψ = i
2
(
ψ¯γµψ;µ − ψ¯;µγµψ
)
,
which contains the covariant derivative ψ;µ ≡
[
∂µ + 1/8ωabµ
(
γaγb − γbγa)]ψ, where γa are the Dirac matrices in
flat space (below we use the spinor representation of the matrices). In turn, the Dirac matrices in curved space,
γµ = e µa γ
a, are obtained using the tetrad e µa , and ωabµ is the spin connection [for its definition, see Ref. [19], formula
(7.135)].
The action (1) and hence the corresponding theory are invariant under the conformal transformations
gµν → f(xα)gµν , ψ → f−3/2(xα)ψ,
where the function f(xα) is arbitrary.
To the best of our knowledge, efforts to find spherically and axially symmetric solutions supported by one spinor
field were unsuccessful in Weyl gravity, although such solutions do exist in GR (see, e.g., Ref. [20]). It seems to us that
this is a consequence of the fact that, from the physical point of view, both the GR Lagrangian and the Lagrangian
(1) describe the interplay of a classical theory (either Einstein or Weyl gravities) and a purely quantum theory (the
Dirac theory describing an electron with the spin). In some sense, one can say that this problem may be indirectly
related to the problem of quantization of gravity. In this connection, the question arises: is it somehow possible to
modify gravity in such a manner as to obtain solutions supported by a spinor field within such theories of gravity?
3In order to obtain solutions with one spinor field, we consider the following modified Weyl gravity:
LmW = −αgCαβγδCαβγδ + F
(
B2
)Lψ , (2)
where B2 = BµνB
µν is the Bach scalar curvature invariant, Bµν = C
α β
µ ν ;αβ − 12C α βµ ν Rαβ is the Bach tensor, and
F
(
B2
)
is an arbitrary function.
Within such a theory, after the variation of the corresponding action with respect to the metric and spinor field,
the field equations take the form
−2αgBµν + 1√−g
δ
δgµν
[√−gF (B2)]Lψ = −1
2
F
(
B2
)
Tµν , (3)
iγµψ;µ = 0, (4)
where the spinor field energy-momentum tensor Tµν is defined as
Tµν =
i
4
[
ψ¯γµψ;ν + ψ¯γνψ;µ − ψ¯;µγνψ − ψ¯;νγµψ
]− gµνLψ. (5)
As usual, by the Dirac equation (4), the spinor field Lagrangian Lψ = 0 and hence the second term in the left-hand
side of the modified Bach equation (3) and the last term in Eq. (5) vanish. As a result, we have the following set of
equations in F
(
B2
)
modified Weyl gravity:
αgBµν =
1
4αg
F
(
B2
)
Tµν , (6)
iγµψ;µ = 0, (7)
Tµν =
i
4
[
ψ¯γµψ;ν + ψ¯γνψ;µ − ψ¯;µγνψ − ψ¯;νγµψ
]
. (8)
III. THE RESULTS OF CALCULATIONS
To find a solution of Eqs. (6) and (7), we choose the metric in the form
ds2 = f2 (t, χ, θ, ϕ)
{
dt2 − r
2
4
[
(dχ− cos θdϕ)2 + dθ2 + sin2 θdϕ2
]}
= f2 (t, χ, θ, ϕ)
(
dt2 − r2dS23
)
. (9)
Here f (t, χ, θ, ϕ) is an arbitrary function, dS23 is the Hopf metric (A3) on the unit sphere (for a detailed description
of the Hopf fibration, see Appendix A), and r = const. For the metric (9), the Bach tensor
Bµν = 0.
This enables us to simplify considerably the equations of F
(
B2
)
modified Weyl gravity. Namely, by choosing
F
(
B2
)
= 0,
the modified Bach equation (6) is identically satisfied and the only remaining equation is the Dirac equation (7).
In fact, this is some trick of solving the Bach equation (6): we choose the nonminimal coupling F
(
B2
)
in such a
manner as to provide the automatic fulfilment of this equation. But it should be mentioned that this trick is very
nontrivial; for instance, it is apparently impossible to get similar solution in GR. The reason is that in GR such a
nonminimal coupling would look like F (RµνR
µν), and to obtain the required solution one has to have a metric which
gives Rµν = 0. If one seeks a solution in the class of asymptotically flat metrics, such solutions are Schwarzschild and
Kerr black holes. But for these cases the condition Rµν = 0 is satisfied everywhere except the singularity where the
Ricci invariant RµνR
µν diverges.
A. Dirac equation
To solve Eq. (7), we use the following Ansatz for the spinor field:
ψm,n = f
−3/2e−iΩ˜teinχeimϕ


Θ1(θ)
Θ2(θ)
Θ3(θ)
Θ4(θ)

 . (10)
4This spinor may transform under a rotation through an angle 2π as follows:
ψm,n(χ+ 2π, θ, ϕ+ 2π) = ±ψm,n(χ, θ, ϕ). (11)
Taking into account the factors einχ and eimϕ from Eq. (10), one can see that the numbers m and n should satisfy
the condition
m+ n =
N
2
,
where N = 0,±1,±2, . . . .
To solve the Dirac equation, we employ the tetrad
eaµ = f (t, χ, θ, ϕ)


1 0 0 0
0 r
2
0 − r
2
cos θ
0 0 r
2
0
0 0 0 r
2
sin θ


coming from the metric (9).
Upon substituting the Ansatz (10) into Eq. (7), we have four equations
Θ′1,3 +Θ1,3
(
cot θ
2
+ n
)
+Θ2,4
(
1
4
∓ Ω
2
− n cot θ − m
sin θ
)
= 0, (12)
Θ′2,4 +Θ2,4
(
cot θ
2
− n
)
+Θ1,3
(
−1
4
± Ω
2
− n cot θ − m
sin θ
)
= 0, (13)
where the dimensionless Ω = rΩ˜. In these equations, the upper sign is used for the functions Θ1 and Θ2, and the
lower – for Θ3 and Θ4; the prime denotes differentiation with respect to θ.
B. The solution of the Dirac equation
It is evident that the set of equations (12) and (13) is split into two set of equations: one for the unknown functions
Θ1,2 and the other one – for the functions Θ3,4. The corresponding particular solutions can be represented in the
form
(Θ1,3)m,n = ± (Θ2,4)m,n = C sinα
(
θ
2
)
cosβ
(
θ
2
)
, (14)
where
α = ± (n+m)− 1
2
, β = ± (n−m)− 1
2
, Ωn =
ǫ
2
(1± 4n)
and C is a complex integration constant; the parameter ǫ = 1 and −1 for the pairs Θ1,2 and Θ3,4, respectively. These
solutions form a discrete spectrum depending on two quantum numbers m and n.
Let us now represent the solution (14) for different possible relations between the numbers α and β:
• In the case of α > β, we have
(Θ1,3)m,n = ± (Θ2,4)m,n = C˜ sinα−β
(
θ
2
)
sinβ θ.
• In the case of α = β,
(Θ1,3)m,n = ± (Θ2,4)m,n = C˜ sinβ θ.
• In the case of α < β,
(Θ1,3)m,n = ± (Θ2,4)m,n = C˜ cosβ−α
(
θ
2
)
sinα θ.
In the above expressions, C˜ is a rescaled integration constant.
5C. A check of the orthogonality condition for the discrete spectrum of the solutions ψm,n
The scalar product of the eigenfunctions ψm,n of the discrete spectrum of the solutions to the Dirac equations is
〈ψm,n|ψp,q〉 =
∫
ψ†m,nψp,qdV =
π2r3
2
pi∫
0
sin θ
(
Θ21 +Θ
2
2 +Θ
2
3 +Θ
2
4
)
dθ,
where dV =
√
γdχdθdϕ and γ is the determinant of the three-dimensional part of the metric (9). Using the solutions
(14), this formula yields for both pairs of the functions
〈ψm,n|ψp,q〉 = 2 |C|2 π2r3
pi∫
0
sin θ sin2α
(
θ
2
)
cos2β
(
θ
2
)
dθ = 4 |C|2 π2r3Γ(1 + α)Γ(1 + β)
Γ(2 + α+ β)
, α, β > −1.
It is seen from this expression that the functions ψm,n and ψp,q are not orthogonal to each other.
To construct a set of orthogonal functions, one can use the Gram-Schmidt process that is a method for orthonor-
malizing a set of vectors in an inner product space. This can be done in two stages:
1. Since we have an infinitely dimensional space of the wave functions, the first step is to renumber all the functions
ψm,n. This can be done, since the set of indices m and n is a denumerable one.
2. The second step is to employ the well-known Gram-Schmidt process to obtain an orthonormal set of the functions
ψm,n.
D. Current density
The current density is defined by the expression
jµ = ψ¯γµψ =
r
f(t, χ, θ, ϕ)2
{
Σ1
r , −Σ3, 0, − 12 [sin θΣ2 − 2 cos θΣ3]
}
,
where Σ1 = Θ
2
1 +Θ
2
2 +Θ
2
3 +Θ
2
4, Σ2 = Θ
2
1 −Θ22 −Θ23 +Θ24, and Σ3 = Θ1Θ2 −Θ3Θ4.
Consider the case of Θ1 = Θ2 = Θ and Θ3 = Θ4 = 0. Then
jµ =
2Θ2(θ)
f(t, χ, θ, ϕ)2
{
1, − r
2
, 0, r
2
cos θ
}
.
Using the 1-form Υ defined in Eq. (A7), the 1-form jµdx
µ can be written as
jµdx
µ =
2Θ2(θ)
f(t, χ, θ, ϕ)2
(
dt− r
2
Υ
)
.
This means that it is possible to relate the conformally invariant metric (9) with the Hopf invariant (A6), which is
H = 1.
IV. PARTICULAR SOLUTIONS FOR A SPECIAL CHOICE OF THE CONFORMAL FACTOR
We consider conformally invariant modified Weyl gravity nonminimally coupled to spinor matter. This means that
there is a whole class of metrics satisfying the field equations and related by conformal transformations. It is evident
that such metrics may have a different physical meaning, although from the point of view of Weyl gravity under
consideration, they all are the same solution. Therefore, in this section we show that the class of solutions obtained
by us contains the metrics which are conformally related to each other and describe physically distinct situations.
6A. Wormhole solution
It is particularly interesting that the family of solutions obtained above contains also a wormhole solution. To show
this, consider the metric with the conformal factor
f(t, χ, θ, ϕ) =
1
sin θ
.
Then, introducing the new coordinate dx = −dθ/ sin θ, i.e., x = ln cot (θ/2), the metric (9) takes the form
ds2 = cosh2 xdt2 − r
2
4
{
dx2 + cosh2 x
[
(dχ− tanhxdϕ)2 + 1
cosh2 x
dϕ2
]}
, (15)
and the coordinate x covers the range−∞ < x < +∞. The area of a two-dimensional torus spanned on the coordinates
χ, ϕ [the two-dimensional metric of this torus is given by the square brackets in Eq. (15)] goes from infinity when
x→ −∞, reaches its minimum for x = 0, and then again becomes infinite when x→ +∞.
In this system of coordinates, the solution (14) takes the form
(Θ1,3)m,n = ± (Θ2,4)m,n = C
(
e−x
ex + e−x
)α/2(
ex
ex + e−x
)β/2
. (16)
For positive values of α and β, this expression gives soliton-like solutions.
In the case of α = β, we have the symmetric solution
(Θ1,3)m,n = ± (Θ2,4)m,n = C˜ sechα x. (17)
If, say, β = 0, we get the kink-like solution (for positive α)
(Θ1,3)m,n = ± (Θ2,4)m,n = C˜
(
e−x
ex + e−x
)α/2
(18)
with the following asymptotic behavior:
(Θ1,3)m,n = ± (Θ2,4)m,n →
{
0 when x→ +∞
C˜ when x→ −∞ . (19)
In the above expressions, C˜ is a rescaled integration constant.
Asymptotically, as x→ ±∞, the Ricci scalar curvature of spacetime described by the metric (15) is
R =
6
r2
(
4− sech2 x)→ 24
r2
,
i.e., there is spacetime of constant positive curvature (the asymptotically anti-de Sitter spacetime).
This solution in F
(
B2
)
modified Weyl gravity is interesting in that it describes a wormhole which is filled with a
spinor field and which has a toroidal cross-section. Such a wormhole exists in the region where quantum gravitational
effects are important. When one moves away from this region, the metric (15) must be matched with the corresponding
GR solution.
Let us compare this solution with the known wormhole solutions whose cross-section is also toroidal. Apparently,
this type of wormholes was first considered by P. F. Gonzalez-Diaz in Ref. [21] where he studied wormholes with a
cross-section, distinct from a sphere. In Ref. [22], a toroidal wormhole was considered using the thin-shell formalism
by matching two copies of flat Minkowski spacetimes along two-tori. The main feature of the solution obtained in the
present paper is that it describes a wormhole filled with quantum matter in the form of a spinor field obeying the
Dirac equation.
It is appropriate to mention here that Refs. [23–25] offer an idea that entangled electrons are connected by a virtual
wormhole. Of course, to confirm such a hypothesis, it would be nice to have solutions within some kind of gravity
theory. The solution obtained in the present work contains a spinor field filling a wormhole, and hence it could be an
appropriate candidate for the role of a virtual wormhole between the entangled electrons.
Notice also that to create the above wormhole the presence of exotic matter is not necessary. Apparently, this
is because the wormhole was obtained not within GR but in modified gravity; this agrees with the results found in
Refs. [26, 27]. In turn, within Einstein-Cartan gravity, it is also possible to get wormhole solutions without involving
exotic matter [28].
7B. Cosmological solution with a bounce and inflation
Consider now a solution where the conformal factor is chosen in the form
f(t, χ, θ, ϕ) =
1
cos (t/t0)
.
Then, introducing the time coordinate dτ = dt/ cos(t/t0), that is, τ = t0 arctanh sin (t/t0), we have the following
metric:
ds2 = dτ2 − r
2
4
cosh2
(
τ
t0
)[
(dχ− cos θdϕ)2 + dθ2 + sin2 θdϕ2
]
.
It is evident that this metric describes a bounce for τ = 0 and an exponential expansion for τ ≫ t0.
C. Solution with a change in metric signature
Consider the metric
ds2 =dτ2 − r
2
4
h(τ)
[
(dχ− cos θdϕ)2 + dθ2 + sin2 θdϕ2
]
= h(τ)
{
dτ2
h(τ)
− r
2
4
[
(dχ− cos θdϕ)2 + dθ2 + sin2 θdϕ2
]}
,
(20)
which, in terms of a new time coordinate dt = dτ/
√
h, takes the form
ds2 = f2 (t, χ, θ, ϕ)
{
dt2 − r
2
4
[
(dχ− cos θdϕ)2 + dθ2 + sin2 θdϕ2
]}
.
The metric (20) is interesting in that if the function h is so chosen that it changes its sign for some τ0, for example,
as
h =
τ2
τ20
− 1,
then for τ < τ0 the metric (20) is Euclidean, and for τ > τ0 it has Lorentzian signature. Of course, when τ = τ0, this
metric has a singularity; it is easily seen from the behavior of the scalar curvature,
R ∼ 1
h(τ0)
→∞.
An interesting fact is that the Bach andWeyl tensors remain, however, equal to zero: Bµν(τ0) = Cµνρσ(τ0) = 0. This
means that the corresponding scalar invariants are also equal to zero: Bµν(τ0)B
µν(τ0) = Cµνρσ(τ0)C
µνρσ(τ0) = 0. The
metric (20) therefore satisfies the equations both of Weyl theory and of F (B2) modified Weyl gravity for τ < τ0, τ = τ0,
and τ > τ0, despite the fact that at the point τ = τ0 there is a singularity in the scalar invariants R,RµνR
µν , etc. In
a certain sense, one can say that Weyl gravity ‘does not see’ some singularities. Apparently, this is because the Bach
and Weyl tensors are conformally invariant and they do not depend on a scale of distance.
It should be also noted here that, in the Euclidean region, it is necessary to employ the Euclidean version of the
Dirac equation. Then, for example, the Dirac matrices must satisfy the following relation:
γµγν + γνγµ = 2δµν ,
where δµν is the Euclidean metric. The spinor ψ must in turn be transformed somehow.
From the physical point of view, this means that in conformal Weyl gravity, as well as in F (B2) modified Weyl
gravity, a change in metric signature is possible. The physical reason for such a change is that these theories possibly
describe quantum gravitational effects which are the true reason for the change in metric signature.
The idea of a change in metric signature in cosmology was introduced in Refs. [29–31] where the authors attempt
to ‘get rid’ of a cosmological singularity at the beginning of the Universe: for t = 0, spacetime is Euclidean with
the metric’s signature (+,+,+,+); this means that there is no singularity at this time. Then, for some value of the
Euclidean time coordinate it = t˜ = t˜0, there occurs a change in metric signature, and spacetime becomes Lorentzian
with the metric’s signature (+,−,−,−).
8V. SPIN OPERATOR IN THE HOPF COORDINATES
Using the triad eai, one can write the spin vector Sˆi in a system of the Hopf coordinates in terms of the spin vector
Sˆa in a locally flat system of coordinates,
Sˆi = e
a
iSˆa with i = χ, θ, ϕ,
where we use the standard spin operators
Sˆa =
(
σi 0
0 σi
)
,
and σi are the Pauli matrices. After due calculations, the spin operator takes the form
Sˆi = f (t, χ, θ, ϕ)
(
σ˜i 0
0 σ˜i
)
,
where the Pauli matrices in the Hopf coordinates are
σ˜χ =
(
0 1
1 0
)
, σ˜θ =
(
0 −i
i 0
)
, σ˜ϕ =
(
sin θ − cos θ
− cos θ − sin θ
)
.
VI. DISCUSSION AND CONCLUSIONS
We suggest the following physical interpretation of F
(
B2
)
modified Weyl gravity proposed here. In a region
where gravitational fields are strong, quantum GR can be approximately described by classical modified Weyl theory
presented here. Such an approximate description is analogous to what is done in Refs. [8, 10, 32] where F (R) modified
gravities are regarded as an approximate description of quantum gravity in some physical processes in regions with a
strong gravitational field.
One might wonder how the transition from modified Weyl gravity (which approximately describes quantum grav-
itational effects) to GR occurs? We suppose that this should happen when the magnitude of the scalar invariants
becomes ∼ ΛnQG, where ΛQG = l−1QG is some constant which has the dimension of an inverse length and n is an
integer which provides the necessary dimension of any given scalar invariant. It seems to us that, in some sense, this
process is analogous to the appearance of the quantity ΛQCD with the dimension of an inverse length in conformally
invariant Yang-Mills theory (in QCD). In QCD, such a quantity separates a region where the use of perturbative
calculations is possible from a region where one has to employ nonperturbative computations. For example, one can
choose F
(
B2
)
= Λ−8QGB
2.
The next question to be addressed concerns the magnitude of the dimensional constant ΛQG. It seems to us that
ΛQG 6= l−1Pl . The reason is that the magnitude of this quantity must occur from the nonperturbative quantization
of GR. If we compare our situation with QCD, the latter involves the quantity ΛQCD that cannot be obtained from
constants appearing in the QCD Lagrangian. In our case we also suppose that ΛQG is not expressed in terms of
constants appearing in the GR Lagrangian. This means that ΛQG cannot be derived from such constants like the
velocity of light c, the Planck constant ~, and the Newtonian gravitational constant GN , i.e., from the Planck length
lPl =
(
~GN/c
3
)1/2
.
Note that if there exists the dimensional parameter ΛQG which separates a region where the scalar curvature
R ≫ Λ2QG and one has to take into account quantum gravitational effects from a region where R ≪ Λ2QG and the
gravitational field is described by classical GR, the dimensionless parameter lPl/lQG occurs, which allows to take
into account quantum gravitational effects perturbatively. For example, using this quantity, one can in principle
calculate the corrections to the solution obtained here within Weyl gravity. These corrections can already go beyond
the framework of conformal Weyl gravity and take into account a contribution coming from off-diagonal metric
components describing rotation/spin of matter.
Notice also the following unexpected feature of the solutions obtained. The Dirac equation under consideration
is linear, and it describes free particles, i.e., there are no any confining external potentials. For this reason, the
appearance of the discrete spectrum of regular solutions (for which
∫ |ψ|2 dV < ∞) is absolutely unexpected fact.
This fact, at least in two cases, can be explained as follows. In the case of f (χ, θ, ϕ) = 1, the three-dimensional
cross-section is a Hopf sphere, and the presence of the nontrivial solution for the spinor field is caused by the fact
that, for this solution, there exists a nonzero value of the Hopf invariant (A6). In the case when the conformal factor
9f (t, χ, θ, ϕ) = r2
[
sin2
(
θ+ϕ−χ−pi
4
)
+ sin2
(
θ−ϕ+χ+pi
4
)]−2
[see Eq. (A4)], the three-dimensional cross-section is a flat
Euclidean space, but with the nontrivial flow of time according to the expression dτ = f (χ, θ, ϕ) dt, where τ is the
proper time of an observer at a given point of spacetime; this results in the appearance of nontrivial solutions to the
Dirac equation.
In modified Weyl gravity suggested in the present paper, quantum gravitational effects in strong gravitational fields
have the result that physical processes (perhaps not always but only in some cases) become independent on the scale.
One more conclusion, which follows from the present study, is that (as it seems to us) an exact quantization of GR
must be performed such that in some situations a quantized gravitational field could be approximately described by
some modified gravities. For example, a physical system with a strong quantized gravitational field interacting with
a spinor field can be approximately described by modified Weyl gravity.
Thus, in the present paper:
• We have suggested modified Weyl gravity where a nonminimal interaction between matter and gravity is intro-
duced.
• As a source of matter, we have used a massless spinor field described by one Dirac spinor. For such a self-
consistent system, we have obtained a solution for the gravitating spinor field for the metrics which are confor-
mally equivalent to the Hopf metric on the Hopf fibration.
• It is pointed out that, using the standard Gram-Schmidt process, one can orthogonalize the eigenwave functions
of the Dirac equation.
• We show that it is possible to relate the current density of the solution obtained for the spinor field to the Hopf
invariant.
• The expressions for the spin operators in the Hopf coordinates have been obtained.
• It is shown that, within the class of conformally equivalent metrics under investigation, there are: (a) a metric
describing a toroidal wormhole supported by ordinary spinor field without involving exotic matter; (b) a metric
describing a bounce of the Universe and its subsequent inflation; and (c) a transition between metrics with
different signatures.
• The physical interpretation of F (B2) modified Weyl gravity involving a massless Dirac spinor field is suggested.
In conclusion, we emphasize that F
(
B2
)
modified Weyl gravity studied in the present paper should not be regarded
as a fundamental theory, since, in our opinion, in some physical situations, it can be viewed only as some effective
description of quantum GR in regions where gravitational fields are strong.
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Appendix A: Hopf fibration. Stereographic projection
The standard three-dimensional sphere S3 is a set of points in R4 that satisfy the equation
X2 + Y 2 + Z2 +W 2 = r2,
where r is the radius of the sphere and X,Y, Z,W are coordinates of the enveloping four-dimensional space in which
the three-dimensional sphere is embedded.
The fibration h : S3 → S2 is defined by the Hopf mapping
h (X,Y, Z,W ) =
{
X2 + Y 2 − Z2 −W 2, 2 (XW + Y Z) , 2 (YW −XZ)} .
The Hopf coordinates 0 ≤ θ ≤ π, 0 ≤ χ, ϕ ≤ 2π on a three-dimensional sphere are given in the form
X = r cos
(
ϕ+ χ
2
)
sin
θ
2
, Y = r sin
(
ϕ+ χ
2
)
sin
θ
2
,
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Z = r cos
(
ϕ− χ
2
)
cos
θ
2
, W = r sin
(
ϕ− χ
2
)
cos
θ
2
.
The stereographic projection of a three-dimensional sphere embedded into a four-dimensional space with the coordi-
nates X,Y, Z,W on a three-dimensional space with the coordinates x, y, z is defined by the formulas
x = r
X
r −W , y = r
Y
r −W , z = r
Z
r −W , (A1)
where r is the radius of the three-dimensional sphere.
For the stereographic projection (A1), the coordinates x, y, z are expressed in terms of the Hopf coordinates on a
sphere as
x = r
sin
(
θ
2
)
cos
(
ϕ+χ
2
)
1 − cos ( θ
2
)
sin
(
ϕ−χ
2
) , y = r sin
(
θ
2
)
sin
(
ϕ+χ
2
)
1 − cos ( θ
2
)
sin
(
ϕ−χ
2
) , z = r cos
(
θ
2
)
cos
(
ϕ−χ
2
)
1 − cos ( θ
2
)
sin
(
ϕ−χ
2
) . (A2)
The Hopf metric on a three-dimensional sphere is
dl2 = dX2 + dY 2 + dZ2 + dW 2 =
r2
4
[
(dχ− cos θdϕ)2 + dθ2 + sin2 θdϕ2
]
= r2dS23 , (A3)
where dS23 is the metric on a unit three-dimensional sphere. Using the stereographic projection (A2), the metric in
the three-dimensional space x, y, z with the Hopf coordinates χ, θ, ϕ takes the form
dl2 =
r2[
2− sin
(
θ+ϕ−χ
2
)
+ sin
(
θ−ϕ+χ
2
)]2 [(dχ− cos θdϕ)2 + dθ2 + sin2 θdϕ2]
= ω2χ + ω
2
θ + ω
2
ϕ =
4r2[
2− sin
(
θ+ϕ−χ
2
)
+ sin
(
θ−ϕ+χ
2
)]2 dS23 = r2[
sin2
(
θ+ϕ−χ−pi
4
)
+ sin2
(
θ−ϕ+χ+pi
4
)]2 dS23 .
(A4)
That is, this metric is conformally equivalent to the Hopf metric on a three-dimensional sphere. We will use the Hopf
coordinates and the metric (A4) in obtaining the solutions to the Dirac equation.
The transition matrix R between the 1-forms dx, dy, dz and ωχ, ωθ, ωϕ
dxdy
dz

 = R

ωχωθ
ωϕ

 , (A5)
which is a spatial part of the Lorentz transformation matrix
Λab =
(
1 0
0 R
)
,
has the form
R =
r
4
[
cos
(
θ
2
)
sin
(
ϕ−χ
2
)
− 1
]


2 sin
(
θ
2
) [
cos
(
θ
2
)
cosϕ+ sin
(
ϕ+χ
2
)]
−2 cos
(
ϕ+χ
2
) [
cos
(
θ
2
)
− sin
(
ϕ−χ
2
)]
4 cos
(
θ
2
)
sin
(
ϕ+χ
2
)
+ 2 cos(θ) cos(ϕ) − 2 cos(χ)
−2 sin
(
θ
2
) [
cos
(
ϕ+χ
2
)
− cos
(
θ
2
)
sin(ϕ)
]
−2 sin
(
ϕ+χ
2
) [
cos
(
θ
2
)
− sin
(
ϕ−χ
2
)]
4 cos
(
θ
2
)
cos
(
ϕ+χ
2
)
− 2 cos(θ) sin(ϕ) + 2 sin(χ)
2 cos
(
θ
2
) [
cos
(
θ
2
)
− sin
(
ϕ−χ
2
)]
2 sin
(
θ
2
)
cos
(
ϕ−χ
2
)
−2 sin
(
θ
2
) [
cos
(
θ
2
)
− sin
(
ϕ−χ
2
)]

 .
After the transformation (A5), the spinor ψH written in the Hopf coordinates takes the form
ψD = SψH ,
where S is the matrix of an SU(2) transformation defined from the expression
S−1γaS = Λabγ
b.
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On the Hopf fibration, one can introduce the so-called Hopf invariant, which is defined as
H =
1
V
∫
Υ ∧ dΥ, (A6)
where Υ is some 1-form and the volume of a three-dimensional Hopf sphere is V =
∫
sin θdχdθdϕ. On the Hopf
fibration, the 1-form
Υ = dχ− cos θdϕ. (A7)
For this case, the Hopf invariant H = 1.
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